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Abstract— We investigate some qualitative behavior of the solutions of the difference equation XnJrl =a bXn K /CX
.., X, are arbitrary positive real numbers such that I = max k S

where the initial conditions  X_. ,X_ | ,.
and 4, b C, d ae positive constants

+ dx
where | I’E{Of ?
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1 INTRODUCTION

T In this paper we deal with some properties of the solu-
tions of the difference equation
X, =ax_, +bx  /cx +dx,), n=012..., (11

where the the initial conditions X__,X_.,..., X, are arbi-
trary positive real numbers such that I = max {ﬁ k S}
where I,I e {0, 1,...} and a,b,c,d are positive constants.
There is a class of nonlinear difference equations, known as
the rational difference equations, each of which consists of the
ratio of two polynomials in the sequence terms in the same
form. there has been a lot of work concenring the global
asympototic of solutions of rational difference equations [1],
[2], [3]. [5]. [6]. [8], [10] and [11].

Many reseaches have investigated the behavior of the solu-
tion of difference equation for example:

Stevic [11] has studied the stability, global attractor, and the
periodic character of solutions of the equation

Xne = 0X, + (X, /X))

Our aim in this paper is to extend and generalize the work
in [11]. That is, we will investigate the global behavior of (1.1)
including the asymptotical stability of equilibrium points, the
existence of bounded solution, and the existence of period two
solution of the recursive sequence of Eq. (1.1)

Now we recall some well-known results, which will be use-
ful in the investigation of (1.1) and which are given in [7].

Let | be an interval of real numbers and let

k+1
F: 1"

-1,
where F is a continuous function. Consider the differ-
ence equation
X, = F(X,. X, 0 X )y N=0,1,2,..., (1.2)

with the |n|t|al condition X_, , X_,seees
Definitian 1 (Equilibrium Point)

X, €1

A point X € | iscalled anequilibrium point of Eq. (1.2) if
K= 1% x]
Thatis, X, = x for n> 0, is a solution of Eq. (1.2),

or equivalently, X s a fixsed point of f.
Definition 2 (Stability)
Let X € (0,90) be an equilibrium point of Eq. (1.2). Then
(i) An equilibrium point X of Eq. (1.2) is called locally

(i) An equilibrium point ; of Eq. (2) is called locally

asymptotically stable if ; is locally stable and

there  exists y>0 such that, if
X_ps X pypoeees X € (0,00) with
‘xfr - X +‘X—r+1 - x‘+...+‘x0 —x‘ <y, then

lim X, = X.

n—oo

(iii) An equilibrium point X of Eq. (1.2) is called a global

attractor if for every X .,X_,.,,...,X, €(0,00)
we have —

lim X, = X.

n—o0

(iv) Anequilibrium point X ofEq. (1.2) is called globally
asymptotically stable if X s locally stable and a
global attractor. _

(v) An equilibrium point X of Eqg. (1.2) is called unsta-
bleif X isnot locally stable.

Definition 3 (Permanence)

Eqg. (1.2) is called permanent if there exists numbers M
and M with 0<m< M <o such that for any initial
conditions  X_,X_,;,...,X, € (0,00) there exists a positive
integer N which depends on the initial conditions such that

m<x,<M foralln>N.

Definition 4 gPerlodluty)

Asequence (X, y._ . issaid to be periodic with perlod p
if Xp.p =X, forall n=-r. Asequence \X,j _ Is
said to be periodic with prime period P if P is the small-

est positive integer having this property.
The _linearized equation of Eqg. (1.2) about the equilibrium
point X is defined by the equation

k
=> Pz, =0, (13)
i=0
where - -
p; = OF (X, X,...,X,)/0X,;, 1=0,1,....k.

stable if for every & >0 there exists & >0 The 1characterlstlc equaltlon associated W|th Eq. (1 3) is
Y i
uch that, if  X_,X_,,»sX, €(0,00)  with A=At = p, At — Pyt =P =0. (14)
Tr—x+‘ e — X[ xo—x‘<5 then
TX” — Xl <'e forall' n>— Theorem 1.1 [7] Let [a,b] be an interval of real numbers
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and assume that
f : [ab] —[a,b]
is a continyous function satisfying the following properties:
f(u,v,w) is non-increasing in W € |a,b| for each U
and Ve |a,b], and is non-decreasing in and Ve [a,b]
foreach W e [a,b
it (m,M)e[ab]x[a
m= f(m,m, M)
implies

b] is a solution of the system

and M = f(M,M,m),

m=M.

Theorem 1.2 [7]. Assume that F isa C' — function and
let X be an equilibrium point of Eq. (1.2). Then the following
statements are true:

If all roots of Eq. (1.4) lie in the open unit disk |ﬂ,| <1,
then he equilibrium point X is locally asymptotically stable.

If at least one root of Eq. (1.4) has absolute value greater
than one, then the equilibrium point X is unstable.

If all roots of Eq. (1.4) have absolute value greater than one,
then the equilibrium point X isa source.

Theorem 1.3 [9] Assume that P; € R,i =1,2,...,K. Then

k
Z| p|| < 17
i=1
is a sufficient condition for the asymptoticcally stable of Eq.
(1.5)

Yok T P Yoaky Tt PY, =0, n=0,1,.... (1.5)

2 LOCAL STABILITY OF THE EQUILIBRIUM POINT

In this section we investigate the local stability character of
the solutions of Eq. (1.1). Eqg. (1.1) has a unique nonzero equi-
librium point _ _ i w
x = ax+ (bx/(c+d)x),

if (l - a) >0, then the only positive equilibrium point of
Eq. (1.1) is given by _

x=(b/(c+d)(-a)).

Let f (O,oo)3 - (O,oo) be a function defined by
f (u,v,w)=au + (bv/bw+ dv).
Therefore it follows that
of (u,v,w)/éu = a,

of (u,v,w)/ v = (bew/(cw + bv)?),

of (u,v,w)/ow = (=bcv /(cw + bv)*).
Thenweseethat . _ _
ot (x,x.x)/ou =a =,
ot (x,x.x)/ v = (c(1-a)/(c+d)) = .

of (Q,Q,?)/aw =(—c(l-a)/(c+d)) = —c,.

Then the linearized equation of (1.1) about X is

k
Zn+1 = Z pizn—i .
i=0

Theorem 2.1 Assume that

2.1)

and

and

2.2)

<d.

Than the equilibrium point of Eq. (1.1) is locally stable.
Proof. It is follows by Theorem(1.3) that, Eq. (2.2) is locally
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stable if

22|+ |pn|+ || < 1

This implies that
alc+d)+c(l-a)+c(l-a)<c+d,

2c(1-a) < (c+d)(1-a)

c<d.

Hence, the proof is completed.
Example 2.1 Consider the difference equation
Xney = 01X, +(BX,_ / Xpg + 2%, ),
where a=0.1b=3,c=1,d =2. Figure(2.1), shows
that the equilibrium point of Eq. (1.1) has locally stable, with
initial data X , =1.2,x , =1.1,X, = 0.5.

then

Thus

X(i+1)=(0.1%(i-3)+ (3 (-1))/(x (-2)+ 2*X (-1))

18

x(n)

L I L I
60 70 80 920 100

Figure 2.1

3 PERIODIC SOLUTIONS

Theorem 3.1 Eqg. (1.1) has positive prime priod two solution
only If

(i) ¢/,s—evenk—odd and (c—d)(1+a)>4ac  (3.1)

Proof. Assume that there exists a prime period-two solu-
tion

- 0,4, P, q,...

of (11). Let X, =0,X,,, =P. Since /,s—evenKk
—odd , we have X, ,,X,  =0,X,, =P . Thus, from Eq.
(1.1), we get

p=ag+(bp/cq+dp),

and
q=ap-+(bg/cp+dq).
Than
cpq +dp? = acq’® + adpq + bp, (3.2)
and
cpq +dg® = acp?® + adpq + ba. (3.3)

Subtracting(3.2) from (3.3) gives
dlp>-q?%)= ac%q2 — p2)+ b(p-q)

Since P #(Q , we have
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p+q=(v/d+ac). (3.4)
Also,since p and ( are positive again, adding (3.2) and
(3.3) yields

xpgrd(p’ +q")=adp’ +¢°)+2adpe-b(p+0).  (35)
It f2ollovvzs by (3.4), (3.5) and the relation
P’ +4 =(p+9)" -2pg, Vp,qeR,
that
pg = (b%ac/(d +ac)’ (c—d )1 +a)). (3.6)

It is clear now, from Eq. (3.4) and Eq. (3.6) that P and (
are the two distinct roots of the ?uadratic equation

t* —(b/d +ac)t +(b*ac/(d +ac)’(c—d )1+ a)) =0,

and so
(b/d +ac)’ —(4b*ac/(d +ac)’(c —d )1+a)) >0,
which is equivalent to
(c—d)(1+a)>4ac.
Hence, the proof is completed.
Example 3.1 Consider the difference equation

X = 0.125% , + (X, /0.5%,_  +0.4X,_, ), where
?,s—even,k —odd,a=0.125,c=0.5,b=1,d = 0.4.

Figure(3.1), shows that Eq. (1.1) which is periodic with period
two. Where the initial data satisfies condition(3.1) of Theo-

rem3.1) X, , =0.2,x, =1.3,X, =0.5. (seeTable 3.1)

nj xm n| xm n| xm n| xmn n| xm Proof. Let {Xn }:—4 be a solution of Eqg. (1.1). It follows
102000 ||17]0.3146 || 33| 03169 ||49|0.3169 || 65]0.3169 from Eq. (1.1) that
211.3000 || 18] 1.3761] || 34| 1.3851/ || 50| 1.3852/ || 66| 1.3852 X, =<ax_, +(bx _ /dx_)=ax _, +(b/d) forall n>1.
310.5000 || 1903157 || 35]0.3169 || 51| 0.3169 || 67|0.3169
411647911 20]11.3854 []36]1.3851(152]1.3852/ || 68]1.3852 By USiﬂg a comparison, we can write the right hand side as
5103951 21103159 | 37] 03169 || 53] 03169 || 69] 0.3169 follows
yn+1 = ayn—( +(b/d)a
61.2319 || 22| 1.3889 || 38| 1.3851| || 54| 1.3852 || 70| 1.3852 then
n
710.3562 || 23|0.3169|[39]0.3169 || 55| 0.3169 || 71| 0.3169 y,=a"y, +_(b/_d),
81 1.1844 || 24|1.3885 || 40| 1.3852 ||56|1.3852||72|1.3852 and this equation is locally stable because 1>a, and
910.333( | 25]0.3168 || 41| 0.3169 || 57|0.3169 || 73| 0.3169 converges to the equilibrium point
1012199 [ 26] 13874 |[ 42| 13857 | [ 58] 1.3852 || 74| 1.3852 y =(b/d(1-a)).
11/ 03224 || 27]0.3169 || 43| 0.3169 | [ 59] 0.3169 || 75| 0.3169 Therefore
12 1.2769 || 28| 1.3864 || 44| 1.3852 || 60| 1.3852 || 76| 1.3852 lim sup X, Sb/d(l—a).
13103171 || 29| 0.317q || 45| 0.3169 || 61| 0.3169 || 77| 0.3169 N—so
14]1.32441130|1.3857 || 46| 1.3852 || 62| 1.3852 || 78| 1.3852 Thus, for Eq. (1.1) every solutoin is bounded and the proof
15/0.3149 || 31| 0.3174 || 47| 0.3169 || 63| 0.3169 || 79| 0.3169 is completed.
16]1.3570 || 32| 1.3853 || 48| 1.3852| | 64| 1.3852/ || 80| 1.3852) . Theorem 4.2 For Eq. (1.1) every solution is unbounded if
< a.
Table 3.1 Proof. Let {Xn};:r be a solution of Eq. (1.1). It follows
from Eq. (1.1) then
X, =ax,, +(bx,, /cx +dx ,)>ax,, forall n>1.
We can written as follows
Yo =0
then
n
y.=a'y,, (4.1)
and the Eq. (4.1) is unstable because 1< a, and
limy, =oco.
n—oo yn
IJSER © 2016
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X(i+1)=0.125*x(i-2)+ (X (i-1)/(1.5*x(i-2)+0.4*x (i-1)))

18

x(n)

L I I L I L I
30 40 50 60 70 80 920 100
n

Figure 3.1

4 BOUNDED SOLUTION

Our aim in this section we investigate the boundedness of
the positive solutions of Eq. (1.1).

Theorem 4.1 For Eq. (1.1) every solution is bounded if
1>a.

http://www.ijser.org
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Thus, the proof is completed.
Example 4.1 Consider the difference equation
o =0.8X, +(2X,_ / X, +2X,
where %_15 bs=2,a=08b= 2c—1d 2.
Figure(4.1), shows that the Eq. (1.1) has bounded, with initial
dataX , =0.3,x , =0.2,X, =0.1.

X(i+1)=0.6*x(i-2)+ (2*x(i-1)/ (x(i-2)+ 2*x(i-1)))
18 T T T T T T T

161 B

14t g

1.2 ~

x(n)

0.8 ~

0.6 ~

0.4 g

0.2 ~

Figure 4.1

Example 4.2 Consider the difference equation

Xner = Xny (22X / Xg +2X,4),

where k=1 5_25_2a_1b 2,c=1d =2.
Figure(4.2), shows that the Eq. (1.1) has unbounded, with ini-
tialdata X , =0.3,x , =0.2,X, =0.1.

X(i+1)=X(-2)+(2*X (-1 (x(i-2)+ 2*x(-1)))
25 : : : : ;

20 B

15+ -

x(n)

10+ -

Figure 4.2

5 GLOBAL ATTRACTOR OF THE EQUILIBRIUM POINT OF
EqQ.(1.1)
This section is devoted to investigate the global attractivity

character of solutions of Eq. (1.1)
Theorem5.1if a<1 and ¢ <d then the equilibrium point
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X' of Eq. (1.1) is global aftractor.
Proof. Let f (O,oo) - (O,oo) be a function defined by

Eq. (2.1). Therefore
of (u,v,w)/éu = a,
of (u,v,w)/ v = (bcw /(cw + dv)?),
of (u, v, w)/ dw = (=bev /(cw + dv)?).

and

Than we can easily see that the function f (U,v,W) increas-

ingin U,V and decreasingin

suppose that (M, M) is a solution of the system
m=f(mmM) and M= f(M,M,m).

Then from Eq. (1.1).we see that

m=am+(bm/cM +dm), M =aM +((bM /cm+dM)

m(l—a)=(bm/cM +dm), M(1-a)=(bM /cm+dM),

then
(1-a/b)=(/cM +dm), (1-a/b)=(1/cm+dM).
Thus
M =m.
It follows by Theorem(1.1) that X
(1.1) and then the proof is complete.

is a global attractor of Eq.

REMARK 5.1 Note that the special cases of Eq. (1.1) have
been studied in [11] when

k=1¢=0,s=0,a=a,b=1,c=1,d=0.
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